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We develop a method of integral transforms for the solution of the heat-conduction 
equation in a region with moving boundaries. The method leads to analytical solu- 
tions of thermal problems of both classical and Stefan type in new functional forms. 

The method of integral transforms, mathematically equivalent to the method of charac- 
teristic functions and characteristic values, has received broad application in the solution 
of the heat-conduction equation in finite (and infinite) regions of classical type [i]. It 
makes it possible to obtain analytical solutions of thermal problems in the standard way and 
to then improve the convergence of these solutions [2]. Indeed, let T(M, t) be the solution 
of a thermal problem in the region ~ = {(M, t):M e G, t > 0}: 

OT/Ot=aAT(M, t)+F(M, t), MEG, t > 0 ;  ( l )  

T(M, O)=~o(M), MEG; (2) 

~:OT(M, O/On--~T(M, t )=- -~(M,  t), MES, l>O. (3) 

Here S is a piecewise-smooth surface bounding the region G; n is the exterior normal to S; 
$i = > 0 (i = i, 2), ~21 + 8~ > _0. The boundary functions in Eqs. (1)-(3) belong to the class 
of functions [3]: ~0(M) e C:(G); ~(M, t) e C~ • t g 0); F(M, t) e C~ When the com- 
patibility conditions {~:8~ 0 (M) - ~2~0(M) = -W(M, 0)}Me S are satisfied (this may not be 
so in particular cases), the desired solution is a function of the class 

T (M, t) E C 2 (fl) n C O (~); gradM T (M, t) E C O (Q)- (4) 

It is not difficult to find the general solution of the problem (1)-(3) if one first finds 
the characteristic functions ~n(M, 7n) and the characteristic values 7n 2 of the corresponding 
homogeneous problem 

A~ (M, ?) q- ? ~  = 0, M E G; (5) 

~0~ (M, y)/On -- ~2~ (M, y) = 0, M E S. (6) 

To this end we introduce an integral transformation of the form 

L (T)=  T(?. ,  t)= 5~f T(M, t)~.(M, y~)dV~ (7) 
a 

with the inversion formula 

~=: t l : . l l '  G 

which r e s u l t s  from the  p o s s i b i l i t y  of  expanding the  d e s i r e d  s o l u t i o n  T(M, t )  in a F o u r i e r  
s e r i e s  in terms of  t h e  system of  c h a r a c t e r i s t i c  f u n c t i o n s  {~n(M, ~n)}" Transform (7) y i e l d s  
t he  f o l l o w i n g  r e p r e s e n t a t i o n  f o r  t he  o p e r a t o r  AT(M, t ) :  

L(AT(M, t ) ) = - - y ] F ( y ~ ,  t ) +  f ~ I ~ . ( M ,  y,,)0T(M, O/On --T(M, t)OW~(M, y.)/On]~esd: ' (9) 

where boundary c o n d i t i o n s  of  an a r b i t r a r y  kind may be used in t he  Eqs. (3) and (6) .  Hence. 
app ly ing  r e l a t i o n s  (7) and (8) to  problem ( 1 ) - ( 3 ) .  we f i n d  i t s  a n a l y t i c a l  s o l u t i o n  in t he  form 

T(M, t)---- ~ ~F~(M, y,,) exp[_(]/a-y,,)it  ] [ [ f  @o(M)W,,(M, y~)dVM-t- 
n ~  1 G 
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t 

-}-a T.(M, ?.) .[,IY [(--I/~,)~(M, x)~.(M, W)]Mes x ( i0) 
~=, I1%11 ~ o s 

2 • exp[-- ( -Va?n) ' ( t - - , ) ldTdaq--  en(M,  Vn) .[ ~ , f~exp[_(V;Vn)2  ( t - - ~ ) ] f ( M ,  T)~n(M,  ?n)dTdV~. 
.=,  I W - I I  ~ 0 a 

However, t h i s  does  n o t  e x h a u s t  t h e  p rob lem o f  c o n s t r u c t i n g  t h e  s o l u t i o n  (10 ) .  A t t e n t i o n  i s  
r e p e a t e d l y  d i r e c t e d  in  t h e  l i t e r a t u r e  t o  t h e  s low c o n v e r g e n c e  o f  t h e  s e r i e s  (10)  in  a n e i g h -  
borhood of  boundary  p o i n t s  o f  t h e  r e g i o n  G, as  a r e s u l t  of  which d i f f i c u l t i e s  a r i s e  in  t h e  
t r e a t m e n t  o f  t h e s e  s e r i e s  [4 ] .  There  i s  t h e  a d d i t i o n a l  problem of  improv ing  t h e  conve rgence  
o f  t h e s e  s e r i e s  up to  t h e  boundary  o f  t h e  domain G. To t h i s  end:  

1. We c o n s t r u c t  a q u a s i s t a t i c  s o l u t i o n  of  t h e  problem 

A@(M, t ) = 0 ,  MEG; ~OO(M. t ) - -~20(M,  t ) = - - ~ ( M ,  t), M E S  (11)  

( f o r  ~2 ~ 0 [ 2 ] ) ,  a p p l y i n g  t h e  i n t e g r a l  t r a n s f o r m a t i o n  ( 7 ) ,  ( 8 ) :  

O(M, t )=  ~ V~II~.II 2 a~, [(-- 1/~0w(M, t) ~ ( M ,  v.)lMesd~. (12) 
n = l  

S i m u l t a n e o u s l y ,  we f i n d  f o r  O(M, t )  a c o r r e s p o n d i n g  e x p r e s s i o n  in  c l o s e d  form ( f o r  c a s e s  w i t h  
one spatial variable this is always possible; in the contrary case we can apply the product 
of solutions method [3]). 

2. We now subtract the series (12) from the right side of equation (i0) and at the same 
time add O(M, t) in closed form. This yields an improved solution with rapid convergence 
of the series everywhere in G = G + S: 

. ~ % ,  (M, W) T (M, t) = @ (M, t) + exp [-- (VY?.)  ~ t] • 
.=,  W~Y 

t 

• ~.!~r ~,,)dVM-~- ."~ Tn(M,IITnII ~?n) {a .,[~ ~[ exp [-- (-I/a?n)~ • 
,,=I o s (13) 

• (t --T)] [(-- 1/~1) ~ (M, ~) T,, (M, ?,,)]Mesd~da - -  (1/?.) 2 ~.I [(1/~) ~ (M, t) • 
S 

l 

0 G 

Thus,  t h e  a p p l i c a t i o n  o f  t h e  method of  i n t e g r a l  t r a n s f o r m s  in  s o l v i n g  t h e r m a l  p rob lems  
o f  t h e  t y p e  ( 1 ) - ( 3 )  in  c l a s s i c a l  r e g i o n s  w i t h  n o n h o m o g e n e i t i e s  in  t h e  boundary  c o n d i t i o n s  
must lead to two basic results: first, that of finding the solution (i0) and its improvement 
to that of the form (13). The second part of the approach, the practical calculation of tem- 
perature fields in finite regions, has as yet not received adequate development, a circum- 
stance which leads in many cases to an essential loss in accuracy in the numerical results 
when handling the series (i0). 

Let us assume now that in theEqs. (1)-(3) the region G t of variation of the spatial vari- 
ables is bounded by the surface S t , moving so that ~t = {M e G t, t > 0} is a noncylindrical 
region. For definiteness we put ~t = {0 < x < y(t), t > 0}, where y(t) is a continuously 
differentiable function of a general form with y(0) = Y0 ~ 0. From the mathematical point 
of view the boundary value problem for the heat conduction equation 

OT/Ot = aO~T/Ox ~ -1- F (x, t), 0 < x < y (t), t > O, (14)  

in  a domain w i t h  a moving boundary  i s  f u n d a m e n t a l l y  d i f f e r e n t  f rom c l a s s i c a l  p roblems ( 1 ) - ( 3 ) .  
Due to the dependence of the characteristic size of the region on the time, we cannot apply 
the approach (7), (8) to this type of problem in the general case since, apart from the clas- 
sical-methods framework (based in the final analysis on the possibilitiy of considering the 
homogeneous problem (5), (6)), there is no way to adjust the solution of Eq. (14) to the 
motion of the boundary of the region of heat transfer. This adjustment problem requires the 
development of new approaches. In connection with the case (14) the formulation of such an 
approach depends essentially on the nature of the relation Y0 ~ 0. If Y0 = 0, i.e., if the 
domain of definition of Eq. (14) for t = 0 is concentrated at a point, we say that the domain 
~-t = {0 s x ~ y(t), t ~ 0} is degenerate. The method of differential series, developed in [3] 
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for noncylindrical regions, leads to the following sufficiently general expression for the 
function T(x, t), satisfying in a t the equation (14): 

T (x, t) = T(g(t), t) + a~(2n)! ate_ ~ [ y ( t ) - - x ]2~- - jT (g ( t ) ,  t) - -  

1 0 ~ {[y(t)__x]2n+l(OT/Ox)~=y(O}__ ~ 1 O" y(O~ (~--x)2~+IF(~ ' t) d~, (15) 
--~n~=o an(2n@ 1)! Otn' n=O a~+~(2n-+ -1)~ Or" Jx 

which allows one to construct an analytical solution of a thermal problem in ~t for the de- 
generate case. HoweveK, the situation becomes sharply more involved when y(0) = Y0 > 0, 
i.e., when the domain a t is nondegenerate and the approach (15) becomes ineffective (as so 
also the other approaches systematized in the survey [5]). The latter case can be studied 
on the basis of the generalized integral transform presented here for noncylindrical domains 
x E [0, y(t)], t > 0, the fundamentals of which were formulated in [6, 7] in the solution 
of a particular Stefan problem. 

Let 

y(t) 
(p, t ) =  .t" T(x, t)sh(x]/-p)dx, (16) 

0 

where p = o + ia, is a complex number with Re p _-> $ > 0, larg /p[ < ~/4 is the integral trans- 
form of the function T(x, t). With the aid of the transformation (16) we obtain, first of 
all, a general formula for T(x, t) satisfying Eq. (14) in a nondegenerate region. In the 
transform space (1.6) the solution of the transformed equation (14) has the form 

t y0 

(p, t) = exp (apt) .I T (x, 0) sh (x V-p) dx -}- .f exp lap (t -- ~)] • 
o 0 

X {ash (g ('0 ] /P ' )  (OT/Ox)x=u(~) -1- [(dg (T)/dT) sh (g 1"~) -i/p-) - -  
(17) 

- -  a -[/p-ch [g (~) ]/p-] T (y (-c), "r) -+- a ] / p T  (0, ~) @ T (p, "0} dr; 

y ( t )  

T (p, t) = S F (x, 0 sh (~-Vh-) &. 
0 

In relation (17) there appear boundary values of the function T(x, t) and its derivative. 
The inversion formula for the transform (16) depends for its formulation on the type of bound- 
ary conditions. In the case of boundary conditions of the first kind, we seek an inversion 
formula in the form of a Fourier-type series corresponding to the classical solution of the 
first boundary-value problem for Eq. (14): 

T(x, t) "~ a~(t)exp{ [ ]/an~ ] 2 } n~x = -- t s i n - -  (18) 
n =  1 .~/(t) ~ (t)  

We note that in the case of boundary conditions of the second kind for x = 0 and of the first 
or second kinds for x = y(t), as the kernel of the transform (16) we assume the function 
ch(x~p). The inversion formula is then constructed according to the classical solution. 

To relation (18) we apply the transform (16); this gives 

~ (-- !)~+lna, (t) exp [-- (]/h-nu/y (0) 2 t] T (p, l) g (t) 
= ' ( 1 9 )  n=l p -F nZ~Z/y ~ (t) n sh [y (t) I / p ]  

where T(p, t) is the function (17). Expression (19) allows us to calculate the unknown coef- 
ficients an(t). To this end, we integrate both sides of Eq. (19) along the contours u u 
�9 '', Yn ..... The contour~n consists of the vertical o > 0, the two horizontal lines ~n = 
• 2 + 2n + l)[~2/2y2(t)], and the semicircle with center at the origin and of radius R n = 
(2n 2 + 2n + l)[~Z/2y2(t)]. In sequence, we find: 

al(t) y(t) exp [ (  Va~ )2 I 1 f T(p, t)dp - - -  ~ . 

g(t) ~ sh[y(t) V p ]  ' (20) 
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= - -  t T(P ,  0,~P 1 ~ ( p ,  0 a p  , ( n ~ 2 ) .  ( 2 1 )  
n n y (t) ~ sh [y (t) 1/p-] 2~i sh [y (t) V p I  

Vn ~n-I 

Evaluating the contour integrals in Eqs. (20) and (21), we arrive at the desired coefficients 
an(t) in the following form: 

Y0 t 

- -  I; M 

0 0 
t 

•  d.~ + nzm f T ( 0 ,  x ) e x p [ ( ] / ~ n ~ x )  2 ] .. , d x +  
y(t)  - ~  y(t)  

o ( 2 2 )  t 
- -  cos - -  M 

a~ y (0 y (0 y (0 0 
t V(x) 

I I( )] I } xexp x T(y(~), "Od'~+ exp .--n~-I/a ~x d'~ F(x, x) sin n~x Ox , n > / l .  
y (t) . y (t) . y (t) 0 0 

Thus, all the relations necessary for consideration of a series of thermal problems for 
Eq. (14) in the domain x e [0, y(t)], t > 0, generalizing the classical cases, have been ob- 
tained. Suppose, for example, that Eq. (14) is considered in the classical domain x e [0, 
Y0], t ->_ 0 (y(t) = Y0 = const, t >_- 0), and, moreover, that T(x, 0) = f(x), 0 < x < Y0; T(0, 
t) = ~01(t), T(y 0, t) = q02(t). From relations (18) and (22) we obtain the well-known classi- 
cal solution of the first boundary-value problem [3]: 

Yo 

= exp t sin - [(x) sin- dx + 
Yo \ ~o Yo . Yo 0 
t co 

2 ~  n~l rl~X,. S [__ ( n~~/a- )2 (t__ T) ] [q?l(.~)__(__l)nq)2(T)]dT_l_ 2 E n~x + Y~ nsin exp sin • (23) 
= Yo o Yo Yo n=1 Yo 

/i: i l + exp - -  F (x, "0 sin .n~x dxdx. 
. Yo Yo 0 0 

We consider now a number of applications of relations (18) and (22), not available in 
the literature. We write out the solution of a sufficiently general problem for Eq. (14) 
with a free boundary, generalizing thereby a well-known Stefan problem: 

OT/c?t = aO"-T/OxL 0 < x < y (t), t > 0; (24) 

T(x ,  0 ) =  q~o(X), 0 . < X < V o ;  T(0, t ) =  q~l(t), t > 0 ;  (25)  

T (y (t), t) = qx, (t), t > 0; [OT (x, t)/Oxlx=v(t) = ~g (t), t > 0. (26)  

Problems of this kind arise in water filtration studies (see references in [3, 4]); a partic- 
ular case is the Stefan problem with r = const >_- 0, ~2(t) = 0; �9 = Ady/dt, where A ffi Lg/X. 
In problem (24)-(26) we are_ required to find functions T(x, t) and y(t), such that T(x, t) e 
Ci(at ), gradxT(x, t) e C~ the function y(t) is differentiable for t > 0, dy/dt ->_ ~2'(t)/ 
�9 (t); y(O) ffi Y0 > 0. This problem does not always have a solution. For example, when r = 
l(t) = ~2(t) = const, ~(t) # 0, there are no solutions. Let us write the solution of prob- 

lem (24)-(26) using the relations (18) and (22): 
Y0 

T (x, t) 2 exp ( nn l / a  o n~x nnx 
v(t)  = , \ v( t )  , y(t)  ~ y(t)  

' (27)  
-1- 2a sin nax exp - -  (t-- '~) ~( 'Osin n~y(~) d r +  

y(t)  ,z=, y(t)  o y(t)  , v( t )  

.___~_, ~ .  2aa o o  Y-(O nax /j [ ( n n 1 / a )  ~ y(t)  j{ + V._,(t) ~_asin j exp - -  , ( t - - ' r )  nqh(x)-t- 
n=l 0 
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nay (r) ,Tacz 7lay (T) j .q_ d9 (~) sin - -  cos - -  ;p~ (z) d'r = 
d-r ~ (t~ ~ (t) ~ (t) 

t l~[  

~o oo 

s i n J I r t x  ~ *l(x) sin n n x  d x q - -  2a ' ~ , s i n  ,mxx • X 
g (t) J ~j (t) U (t) ~n=l ~j (t) 

0 

t 

' na 3 / ~  -(t T) q (T) sin nz~9 (-c) d'c + x exp -- -- - -  
(t) , y (t) 

0 

t 9(~) 

X 

+ y(t) y(t) , y(t) , y(O 
n = l  0 0 

Here  ~ ( x )  = ~0 (x )  - ( x / y 0 ) ? 2 ( 0 )  + (1 - x / y 0 ) f l 0 1 ( 0 ) ;  q ( t )  = ~ ( t )  - [ ? 2 ( t )  - ~ ( t ) ] / y ( t ) ;  F ( x ,  
t) =-alat{[xly(t)]~2(t) + [i- x/y(t)]~(t)}. 

A second form of the solution (27) may also be obtained from the relations (18) and (22 
if through a simple substitution we first eliminate nonhomogeneities in the boundary condi- 
tions for T(0, t) and T(y(t), t); this yields a solution in the form of the series (18), con- 
verging absolutely and uniformly up to the boundary ~t [3]; moreover, T(x, t) e C2(~t) n C O 
(~t), if ~z(0) = r = 0, q(0) = -~I Y0). This form is more suitable for numerical calcula- 
tions since the series appearing in it have rapid convergence [i, 2]. The unknown function 
y(t) in (24)-(26) is determined from the functional equation 

oo 

l" exp (-- apT) q% (T) ch [g (z) I/p] d~ - -  j' exp (-- ap~) �9 ('r) sh [Y (v) ] ' /P]  d ,  = 
o (28) 

oo td'o 

= ] / P  j' exp (-- aft)  ch (~) d~ -I- (I/a) ..I" 'Do (x) sh (x ] l-p) dx, 
0 0 

obtained from Eq. (17) by the approach used in [6] (where a scheme is given for obtaining 
an asymptotic solution of Eq. (28)). 

The expressions (27) and (28) possess sufficient generality, describing analytical solu- 
tions of the problem (24)-(26) both for the degenerate as well as for the nondegenerate cases. 
Indeed, on the basis of Eqs. (27) and (28), we obtain a solution of the classical Stefan prob- 
lem for the degenerate case: 

OT/SI = aO"-T/Ox", 0 < x < g (t), t > 0; y (0) ~ 0; (29)  

T(0,  t) = % = c o n s t <  0, t > 0 ;  (30)  

V[v(t), tl = o, t > o ;  (31)  

[aT(x, t)/Oxl~=y(t)= Ady/dt, t > 0  (A = Lp/L), (32)  

b e i n g a l s o i n  two d i s t i n c t  ( e q u i v a l e n t )  f u n c t i o n a l  f o r m s ,  u s i n g  a t  f i r s t  t h e  a p p r o a c h  (15)  and 
then relations (18) and (22). First of all, we introduce relations useful in applications 
(obtained through successive integration by parts): 

u 
(2k)~ 

oo 22,n (k + nT)! 9~.,+1 i" exp ( - -  x 2) x2kdx -- 92h exp (--  de) Z ; 
k! [2(k if- m) + 11! (33)  

0 t?~--- 0 

y oo 

i'exp(x"-)x21~+ldx = (--  1)~+tk! (--  1)~y 2m 
o 2 exp (y"-) ~ (34) 
" rn=kq -~  1 177 ! 

(33), we obtain yet another necessary re lat ionship 
oo ~ 2 m + 1 / 7 ] 1  

]/a-~ exp (~/4a)~([~/2-1/U ) = %.~ " , (35 )  
a'" (2m + 1)! 

n l~O 

Putting k = 0 in Eq. 
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Z 
where d) (z) = (2/]/-n) " ~ ' J exp(--z-)az  i s  the  Laplace f u n c t i o n .  Fu r the r ,  us ing  Eq. (15) ,  we may 

0 

write T(x, t) in the form 

T(x,  t) . . . .  A ~ I on { X] 2n+' e~ ' t ,  (36) 
":-" an(2n-+ - 1)! Ot n [9(0--  dt ] 

s a t i s f y i n g  Eq. (29) and the  c o n d i t i o n s  (31) and (32) .  The c o n d i t i o n  (30) leads  to the  r e l a -  
t i o n  

z.~ an(2n+ 1)I dtn lFn+ ~ (t) --= - - (%/A)  = const, (37) n=0 

which is satisfied for all t > 0 if y2n+l(t)dy/dt = 7t n, which leads to a law of motion of 
the boundary in the form y = ~v/[, where the coefficient ~ is to be determined. To this end, 
in Eq. (37) we put y = ~/t and then sum. The result is a functional equation in ~: 

- -  2%1A Va--~ = [~ exp (~214a)~(~/2 ]l-a), (38)  

which was considered in [8]. The desired solution, of self-similar form, is obtained from 
Eq. (36) with y(t) = ~ upon taking Eqs. (33)-(35) into account: 

r 2v~-X = - - A  n=0 a n(2n-k-1)! dtn 2 ] / T  

[~w,+,, dn [ ( x )2~,,+~,1 = - -  A a"12(nq- 1)1! dt n+t (1/-{  )2(n+11 1 [tl/7" == n~0 

o o  ~ ~2(n-l-I ) ~ ( X [ [  l-I/~)irn+lfi(2n-2tn-2k--}-l) 
E ik=0 __ =- --A ~icn+~)(n+ 1)! + A  2--s ~ (2m-t-- 1)! (2n--2m+ 1)! -- an [2(n-+ - l)ll ,,=o ,n=0 n=0 

A[3-1/~ exp([~2/4a)O ( 2  1 /7  ) -k ~ e x p  ( 5 )  x 
2 

" E 
X E ( -  1)" (x/-I/"{)'n o~ n! (x/]/~-),n+l _ A[~ -I/a-~ exp • 

4"a"n! a n (2n -k- 1)! -- 2 -~a n=0 n~0 

2 ] / a  2-V-----~ = % - } - A [ ~ ] / f ~ / 2 e x p (  [ l~ )o (  x---f---] ~,4a] \2"Va?]"  (39) 

With the aid of relations (27) and (28) we obtain yet another analytical form of the solution 
of problem (29)-(32), different from Eq. (39). If in Eq. (28) (for Y0 = 0, r = 0) we 
take into account the form of the boundary conditions in Eqs. (30)-(32), we obtain a functional 
equation for y(t): 

oo 

P 5 exp (-- apT,) ch [y (T) ] / p ]  dT= (I/a) ( 1 - -  %laA) = const. 
0 

The latter holds for y(~) = ~7, resulting in a relationship for ~: 

oo 

2 i' z exp (-- az ~) ch ([Sz~ dz ~- (1/a)( 1 - -  %/aA), 
b 

which y i e l d s  the  express ion  (38) upon e v a l u a t i n g  the  i n t e g r a l .  We ob ta in  the  des i r ed  s o l u t i o n  
from Eq. (27) wi th  the  form of the  boundary c o n d i t i o n s  taken i n to  account :  

~ { +  [ ( n a q / a  ) 2 j n ~  f~exp(az~)sin[Szdz+ T (x, t) 2a[SA o~ exp --  
=I [~ (40) 

-k 2% [ l - - e x p (  ( n n ] / a - ) 2 ) ] }  ~ nnx - -  - -  sin nnx ajsin - 
, . ,  Is = . = ,  
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The coefficients a n ' 
we expand in a series involving sin ~z: 

in Eq. (40) can be transformed with the aid of relations (33)-(35) if 

exp (az ~) z 2h+1 dz 4- 
nn [~ = ( 2 k +  1)! . o 

( ] -4- [~A,n~ ]/a-~ exp ~ a  �9 2 2 / a  exp [ 3~" -- 1 = 

A~'{2~2hk's 24- 
nn k=o ah {2k -6 1)! m! 

m = h q -  1 n =  0 

~ 2 h ~ !  ~A(__l)m(ane~Z/~2)ra} = 
a h (2k -+- 1)! m! 

rrt~1 

oo oo k 

==" n~ h=o ah (2k --F 1)[ ~ a k (2k "4- 1)! ~ .  J'= 
h = 0  m = 0  

A[~--2" {--2 '[32hk! ' ~  (--1)k (an~n"-/~;~)k 
h=O k=O 

X 

o o  oo 

~Zmm! }-- A~---2 E ( -  1)k(an2n~/~2)h E x ~"~ (~-~ 1)!  ~ 
m = h  h =  1 m = h  

~'~m! 
a" (2m -/-- 1)! 

Thus, the solution of problem (29)-(32) has the form 

< -  

T (x, t ) =  2 a,; sin nn------!--x 
~=~ l~ -l/Y ' 

A~2 ~(--1)k(an2aU/~2)h ~ ~2mm! 
nn k ~ a m (2m -!- 1) ! 

h = l  " m = h  

(41) 

where $ is a solution of the transcendental equation (38). The second functional form of 
the solution of problem (29)-(32) is the expression (39). 

We show now that these two forms are equivalent (taking note of the fact that an immedi- 
ate testing of relation (41) as to the realizability of conditions (29)-(32) does not yield 
the obvious result). To this end, we write Eq. (39) in the form of the trigonometric series 

�9 n ~ X  T(X, / )=2~]bnsln~T-~,  0<X<:~- [ /~  (42) 

from whence we have 

6vF 

b,~=(2/[BF-O qD~ F A~ l/a-~exp {D sin = 
~} 2 ~ 2 ~  ~---~ 

- - 2 % ( 1 - - c ~  ]'/a--~exp( [~2 ) (2--~a)  n r t  n~ "~a ~ (1--  cos nrt) + 

1 

+ / ) exp 
nn W ~ (2k)! 4a 

h = l  
0 

oo A~ E(-~)~I~/~)~,F ~m~ 
nn ~=1 k! ~/~_~ a m(2m+l) 

i.e., a n ' = b n. Thus, solution (39) can be represented in the equivalent analytical form (41) 
corresponding to the approach employed, either that of Eq. (15) or that of relations (18) and 
(22). 
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It is also of interest to write the analytical solution to the thermal problem of clas- 
sical type: 

OT/Ot=aOZT/OxZ+ F(x, t), O<x<g(t ) ,  t>0 ;  (43) 

T(x, 0) = (Do(x), O<x•g(O) = go>O; (44) 

T(0, t ) = r ( g ( t ) ,  t )=0,  t > 0 ,  (45) 

this time, however, in a domain with a moving boundary, where y(t) describes displacement of 
the boundary. The presence of homogeneous boundary conditions does not restrict the general- 
ity of the problem since, with the aid of simple substitutions, one can always transfer non- 
homogeneities from boundary conditions into an initial condition and into the heat-conduction 
equation [3]. In the case of a degenerate domain (Y0 = 0) an exact solution of the problem 
(43)-(45) was given in [3] on the basis of Eq. (15). For the nondegenerate case this remains 
an open question; from relations (18) and (22) we have 

o~ Y0 

v( t )  n=, , v(t) v ( t ) ,  v(t) 
0 

t y(~) 

y t t ) , ~  y (t) . . 9, (t) y (t) 
0 0 

t 

+afexP[-- ( -  
0 

Yo 

I/army(t) )2(t--~)]  q(z)sin nng('~------~) dT] 

_ [ ( x - -  x' at _1 feo( ') 
2y (t) .J 2g (t) y~ (t) 

0 

t y(~) 

1 z) [~  x - - x '  

0 0 

t 

gZ(t) ] q (~) ~ 2g(l) 
0 

if we introduce the Jacobi theta-function: 

{~(x, t) = 1+2 2 exp (--  kZnZt) cos(2k~x) = - -  
h = l  

_ _ ) _ r  at ) ]  dx'+ 
2y(t) ' y z(t) 

a ( t - - ' O ) _ r  
' y2 (t) 2V (t) 

J - e  JJ e,, ~, 2g (t) gZ (t) 

] h=+~ / (x k) ~ - -__ ~ exp ( 
V~t k=-o~ \ 4t /" 

The expression (46) contains the unknown thermal flow function q(t) = (ST/3x)x=y(t); using 
the relation found for T(x, t), we arrive at an integral equation for q(t): 

( 4 6 )  

t 

q(t) = cp(t)-t- 2~(t).oI K (t, ~)q('c)d~, (47) 

(46)). The 
(47) can be obtained in the usual way through use of the Picard process in 

where ~(t) and K(t, ~) are known functions (which are easily written out from Eq. 
solution of Eq. 
the form 

q(t) = z_~ ~ q. (t); (48) 
~ yIt)  ) 

l 

qo(t) = qo(t); q,~(t) = ~ K(t, T)q,~_l(v)d~, n>/l. (49) 
o 

In an analogous manner we can consider a radial temperature field T(r, t) in the region r 
[0, R(t)], t > 0, beingalsoforproblemswith phase transitions (Stefan type) and for classi- 
cal problems (where the functions R(t) is specified). These cases remain to be treated. 
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NOTATION 

y(t), function describing displacement of the boundary; y(0) = Y0, initial position of 
the boundary; x, spatial coordinate; t, time; L, heat of transition; p, density; %, thermal 
conductivity; a, thermal diffusivity. 
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