GENERALIZED INTEGRAL TRANSFORM METHOD FOR THE SOLUTION OF THE
HEAT-CONDUCTION EQUATION IN A REGION WITH MOVING BOUNDARIES

E. M. Kartashov UDC 536.5.62-405.001

We develop a method of integral transforms for the solution of the heat-conduction
equation in a region with moving boundaries. The method leads to analytical solu-
tions of thermal problems of both classical and Stefan type in new functional forms.

The method of integral transforms, mathematically equivalent to the method of charac-
teristic functions and characteristic values, has received broad application in the sclution
of the heat-conduction equation in finite (and infinite) regions of classical type [1]. It
makes it possible to obtain analytical solutions of thermal problems in the standard way and
to then improve the convergence of these solutions [2]. Indeed, let T(M, t) be the solution
of a thermal problem in the region § = {(M, t):M e G, t > 0}:

dT/0t = aAT (M, 1)+ F(M, t), MEG, t>0; (1)
T(M, 0) = @, (M), MEG; (2)
B:10T (M, t)jon — BT (M, 1) = — (M, 1), MES, t>0. (3)

Here S is a piecewise-smooth surface bounding the region G; n is the exterior normal to §;
Bi 2 0 (i =1, 2), 2 + B3 > 0. The boundary functions in Egqs. (1)-(3) belong to the class
of functions [3]: ¢,(M) € C*(G); (M, t) € C°(S x t 2 0); F(M, t) € C°(Q). When the com-
patibility conditions {B;3%, (M) — B,%,(M) = —¢(M, 0)}Meg are satisfied (this may not be
so in particular cases), the desired solution is a function of the class

T (M, )eC*(Q)NC(Q); grady T (M, t)€ C*(Q). (4)

It is not difficult to find the general solution of the problem (1)-(3) if one first finds
the characteristic functions ¥,(M, y,) and the characteristic values Yn? of the corresponding
homogeneous problem

AV (M, v)+y*¥=0, McG; (5)
B10¥ (M, y)/on—B,¥ (M, v) =0, M€S. _ (6)
To this end we introduce an integral transformation of the form
L(T)=T(rm 0= [[{ TM, 0 ¥a(M, ) dV (7)
G
with the inversion formula
< Tn M1 n L2
T, 0 =3 2l T, o 1= [ ¥R, BV, (8)
n=1 n G

which results from the possibility of expanding the desired solution T(M, t) in a Fourier
series in terms of the system of characteristic functions {¥,(M, Yn)}. Transform (7) yields
the following representation for the operator AT(M, t):

L(AT (M, 1)) = — 2T (vs, t)+ fsf (Yn (M, v:) OT (M, 1)/0n —T (M, 1)0%, (M, v,)/0nlyesdo, (9)

where boundary conditions of an arbitrary kind may be used in the Eqs. (3) and (6). Hence,
applying relations (7) and (8) to problem (1)-(3), we find its analytical solution in the form

T, = 3= ¥)

n=1
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¢
1a 2 ¥, (M, 2vn) ({{—1B) (M, 1) ¥a(M, T)lmes X (10)
=S | % R £

III'n (M, vn) t _ .
i ST = Va0l P, 9 Yo, i) deav

However, this does not exhaust the problem of constructing the solution (10). Attention is
repeatedly directed in the literature to the slow convergence of the series (10) in a neigh-
borhood of boundary points of the region G, as a result of which difficulties arise in the
treatment of these series [4]. There is the additional problem of improving the convergence
of these series up to the boundary of the domain G. To this end:

x expl—(Vay,p (t—Ylddo+ 3
n=1

1. We construct a quasistatic solution of the problem
ABM, 1) =0, MEG; B,00(M, 1)—B.OM, )= —o(M, t), MES (11)

(for B, # 0 [2]), applying the integral transformation (7), (8):

g _Yn (M, v,)
OM, =Y —2 o — M, 1) ¥, (M, do.
Simultaneously, we find for ©(M, t) a corresponding expression in closed form (for cases with
one spatial variable this is always possible; in the contrary case we can apply the product
of solutions method [3]).

2. We now subtract the series (12) from the right side of equation (10) and at the same
time add ©(M, t) in closed form. This yields an improved solution with rapid convergence
of the series everywhere in G = G + S:
v VM, vn)
ZL kgl

n=1

exp [— (Va va)* 1] X

= W (M, ) i _
X S.G”(D" (M) YoM, vu)dVu + ”\:—”W—— {a 5§ Sexp [—(Vay,) x

(13)
X (¢ =) [(—1/B) @ (M, ©) Wn (M, Yu)lwgsdrdo — (1a)* [ 1(1/BL) @ (M, £

S
t
X¥a (M, vu)lnesdo + [ ([ exp[—(Var) (¢ —a] F(M, ©) ¥a(M, va)dedVn} -
0 G

Thus, the application of the method of integral transforms in solving thermal problems
of the type (1)-(3) in classical regions with nonhomogeneities in the boundary conditions
must lead to two basic results: first, that of finding the solution (10) and its improvement
to that of the form (13). The second part of the approach, the practical calculation of tem-
perature fields in finite regions, has as yet not received adequate development, a circum-
stance which leads in many cases to an essential loss in accuracy in the numerical results
when handling the series (10).

Let us assume now that intheEgs. (1)-(3) the region G¢ of variation of the spatial vari-
ables is bounded by the surface S¢, moving so that Q¢ = {M € Gy, t > 0} is a noncylindrical
region. For definiteness we put Q¢ = {0 < x < y(t), t > 0}, where y(t) is a continuously
differentiable function of a general form with y(0) = y, 2 0. From the mathematical point
of view the boundary value problem for the heat conduction equation

oT ot = ad*T[0x* + F{x, 1), 0<x<<y(?), >0, (14)

in a domain with a moving boundary is fundamentally different from classical problems (L)-(3).
Due to the dependence of the characteristic size of the region on the time, we cannot apply
the approach (7), (8) to this type of problem in the general case since, apart from the clas-
sical-methods framework (based in the final analysis on the possibilitiy of considering the
homogeneous problem (5), (6)), there is no way to adjust the solution of Eq. (14) to the
motion of the boundary of the region of heat transfer. This adjustment problem requires the
development of new approaches. In connection with the case (14) the formulation of such an
approach depends essentially on the nature of the relation y, 2 0. If y, =0, i.e., if the
domain of definition of Eq. (14) for t = 0 is concentrated at a point, we say that the domain
= {0 £ x £ y(t), t 2 0} is degenerate. The method of differential series, developed in (3]
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for noncylindrical regions, leads to the following sufficiently general expression for the
function T(x, t), satisfying in Qt the equation (14):

co 1 an—l d
= V H— 2n T A , .
TEH=TWO 0+ Y S s — w2 2T ) 9)
- o0 1 an y() (15)
00 1 n - n = L g_x)2n+1 F(E, t) dE,
2wy o O TRl ,120 e @+ o 5 (
n=0 —

which allows one to construct an analytical solution of a thermal problem in Oy for the de-
generate case. However, the situation becomes sharply more involved when y(0) =y, > 0,
i.e., when the domain Q; is nondegenerate and the approach (15) becomes ineffective (as so
also the other approaches systematized in the survey [5]). The latter case can be studied
on the basis of the generalized integral transform presented here for noncylindrical domains
x € [0, y(£)], t > 0, the fundamentals of which were formulated in {6, 7] in the solution
of a particular Stefan problem.

Let
_ yi —
T(p 0= | Tl HshxVp)ds, (16)
b

where p = ¢ + iw is a complex number with Re p 2 B > 0, |arg vp| < 7/4 is the integral trans-
form of the function T(x, t). With the aid of the transformation (16) we obtain, first of
all, a general formula for T(x, t) satisfying Eq. (14) in a nondegenerate region. In the
transform space (16) the solution nf the transformed equation (14) has the form

f
T@Jhﬂ@@M?ﬂmmwuvam+5wmwu—MX
4]

o

)

sc{ash(y (8) V) (0T /0n) ey -+ Udy (D)idx)sh (g () Vp) —

- — (17)
—aVpchy@VPIT (@, ©+aVpTO ©-+F(p, 1}dn

y(t) _
Fp. ty = [ Fx, Hsh(xVp)dx.
3

In relation (17) there appear boundary values of the function T(x, t) and its derivative.

The inversion formula for the transform (16) depends for its formulation on the type of bound-
ary conditions. 1In the case of boundary conditions of the first kind, we seek an inversion
formula in the form of a Fourier-type series corresponding to the classical solution of the
first boundary-value problem for Eq. (14):

i Vann 12 nax
T )= Y an(f)exp|— | —27 " gl sin 202
)= Fa ()GXP{ [ 50 } }5'” 70 (18)

n=1

We note that in the case of boundary conditions of the second kind for x = 0 and of the first
or second kinds for x = y(t), as the kernel of the transform (16) we assume the function
ch(x/p). The inversion formula is then constructed according to the classical solution.

To relation (18) we apply the transform (16); this gives

(=" na, O expl—(Vanay @@t Tip, 9y
1 P+ ey (1) ashiy () Vpl (19)

[ Nk

where T(p, t) is the function (17). Expression (19) allows us to calculate the unknown coef-
ficients an(t). To this end, we integrate both sides of Eq. (19) along the contours Yis Yoo
+++s Yp» »++ . The contour y, consists of the vertical ¢ > 0, the two horizontal lines wp =
(2n? + 2n + 1)[72/2y2(t)], and the semicircle with center at the origin and of radius Ry =
(2n2 + 2n + 1)[7v?/2y2(t)]. In sequence, we find:

(= 2O [ Va‘n""’J lf T(p, ydp
0 wo ( g ) t 2ni shiy) Vel (20)

V1
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_ ="y Vann \* 11 ¢ T(p tydp ! j T(p, Ydp 9
w0= exp[( v ) t}{ o ) SOV i sh[y(t)Vil}’ =2 (1)

n n-t
Evaluating the contour integrals in Eqs. (20) and (21), we arrive at the desired coefficients
an(t) in the following form:

Yo
' . Vann oT
a, () = T(x, 0 d
=50 {j » Osin- G xﬁe’“’[ ) ) ](m )x=ym><
. nny () nma Vann \2
X sinl 70 dt + 70 T(O, -c)exp[( 70 ) 1:] dt -+
0 (22)
dy('c) nny('t) ___naa nany (t)
+H TRl

xexo[( Vann )21:]T(y(~c) T)dr+ | ex ’M 21 d y(gt)F(x T)sin A ax}, nz>= L
RN ’ :5 (%) ]70. B0 -

Thus, all the relations necessary for consideration of a series of thermal problems for
Eq. (14) in the domain x € [0, y(t)], t > 0, generalizing the classical cases, have been ob-
tained. Suppose, for example, that Eq. (l4) is considered in the classical domain x € [0,
vol, t 2 0 (y(t) = y, = const, t 2 0), and, moreover, that T(x, 0) = f(x), 0 < x < y,; T(O,
t) = ¢,(t), T(yy, t) = @,(t). From relations (18) and (22) we obtain the well-known classi-
cal solution of the first boundary-value problem [3]:

oo . - Yo
T(x, t)= 2 E exp [- (nn;/a )2 t] sin n:x_
0

f(x) sin nnx
Yo ot o ()

dx +

Yo

[+ t — oc
o9%a Y . hnx ‘nnVa )2 ] . 2 Y .. nnx '
nsin exp | — (t—7) | [@1(7) — (— D)@y (T)] d e
+ !/(2) ; Y (S [ ( () ) ' (Al dv + Yo %i‘sm [} < (23)

ad dtdx.

0

+j‘g exp [_—( nny'l/a ) (t—-c)}F(x, ) sin 2

0 /

We consider now a number of applications of relations (18) and (22), not available in
the literature. We write out the solution of a sufficiently general problem for Eq. (14)
with a free boundary, generalizing thereby a well-known Stefan problem:

aT /ot = ad®*T/0x%, 0 <<x<y(t), t>0; (24)
T(x, 0)=®y(x), 0<x<<yo; T(0, ) =q:(t), 1> (25)
T(y(), )= s (1), t=>>0; [0T (x, 8)/0x]emyiry = ¥ (&), 1>0. (26)

Problems of this kind arise in water filtration studies (see references in [3, 4]); a partic-
ular case is the Stefan problem with ¢,(x) = const 2 0, ¢,(t) = 0; ¥ = Ady/dt, where A = Lp/)X.
In problem (24)-(26) we are required to find functions T(x, t) and y(t), such that T(x, t) €
C2(Q¢), gradyT(x, t) € C°(Q¢); the function y(t) is differentiable for t 2 0, dy/dt 2 ¢,'(t)/
¥(t); y(0) = y, > 0. This problem does not always have a solution. For example, when &,(x)

1(t) = ¢,(t) = const, ¥(t) # 0, there are no solutions. Let us write the solution of prob-
lem (24)-(26) using the relations (18) and (22):

. 9 e
(x, ) = —— v [( rm Va j t} sin 22X S(Do(x) sin-ZT;;

\ oy y(f)(3

dx-4-

(27)

oo t —_—
2a N gin 1 i  /naVa 2 . nmy(T)
=L xp | — —lw JEAY
y() f’:-llsm y(@® (j exp{ (\ y{t) ) ¢ T)] (r)sin y(® o

o t
2na . onmx [ [ ax Va \2
sin exp | — i
P | () =0+

;
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, dy(r)y . nay(r) naa oo Ny (t) J . .
— . pa(ThdT =
*{ T TT BT
. iﬁ\ 'zer/ﬁ_>2t} v
= 10+ 1= Ol O+ 3 | = [
- nnx 2 X nmx
nax . nx . J
< si @O, (x —dx 4 —— N n
x| @rsin et S Mo
0

g Can Va2 ) sip ()
X j exp [— (W,) (t— T)} g(t)sin 4(0) dv +

f y(1)

2 N sin 25 X —,ﬁﬂ—l—/—a_—gi‘r)} Fix, T)DIHE‘—/—(-—}-G‘TQ'X.
0 ;S‘ e b\ (} ep[ o J v

Here ¢,(x) = 8,(x) — (x/y)®,(0) + (1 = x/yy)e,(0); q(t) = ¥(t) — {g,(t) — o, (£)1/y(t); F(x,
t) = =3/3t{[=x/y(t)1g,(t) + [1 — x/y(t)le ()},

A second form of the solution (27) may also be obtained from the relations (18) and {(22)
if through a simple substitution we first eliminate nonhomogeneities in the boundary condi-
tions for T(0, t) and T(y(t), t); this yields a solution in the form of the series (18), con-
verging absolutely and uniformly up to the boundary Q¢ [3]; moreover, T(x, t) € C2(Q¢) n C°
(Qg), if ¢,(0) = ¢,(y,) = 0, q(0) = ¢; y,). This form is more suitable for numerical calcula-
tions since the series appearing in it have rapid convergence [1, 2]. The unknown function
y(t) in (24)-(26) is determined from the functional equation

T exp(—apt) @ (D) ch [y(d) Vi ldi— | exp(—apn) ¥ (shly(n)Vpldr =
b 3 (28)
o Yo .
1/;75 exp (— apt) ¢y ) dr + (1ja) | Oo(x)sh(x V) dx,
0 0

obtained from Eq. (17) by the approach used in [6] (where a scheme is given for obtaining
an asymptotic solution of Eq. (28)).

The expressions (27) and (28) possess sufficient generality, describing analytical solu-
tions of the problem (24)-(26) both for the degenerate as well as for the nondegenerate cases.
Indeed, on the basis of Eqs. (27) and (28), we obtain a solution of the classical Stefan prob-
lem for the degenerate case:

0T /0t = ad*Tdx*, 0<<x<<y(l), 1=>0; y(0)=0; (29)
T(0, £) = o= const<< 0, >0 (30)

Tly@), 1=0,t>0 (31)

[0T (%, 8)/0xlimyry = Adyjdl, >0 (A = Lp/A), (32)

being also in two distinct (equivalent) functional forms, using at first the approach (15) and
then relations (18) and (22). First of all, we introduce relations useful in applications
(obtained through successive integration by parts):

° (Qk)

21m ] 1 2m--1
j exp (— x%) x2dx = 2kt mty

B oo () Y ;

g [2(k +m)+ 1]1 (33)
Y o k—i—lk! 00 - lm 2m
\exp(x)x?k+‘dx — _L———ll—————~exp(yﬂ :S _i___)Tii___ (34)
o me=k-+1 m:
Putting k = 0 in Eq. (33), we obtain yet another necessary relationship
oo ﬁ2m+]m'
ayoPr2Ve y= Y ————,
Van exp (p/40)® (B2 Ve ,,.‘ D) (35)

m=0
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where ®(2)=(2/ Vn) S exp(—z%)dz 1is the Laplace function. Further, using Eq. (15), we may
0

write T(x, t) in the form

RISy — <
., a*(2n4 1) Ol

(36)

{[g () — 22+ -‘-‘i’-} :

dt

satisfying Eq. (29) and the conditions (31) and (32). The condition (30) leads to the rela-
tion

W 2n41 Y
oot (241 at [y ® a’t] (/) = const, (37)

which is satisfied for all t > 0 if y20*1(t)dy/dt = ytP, which leads to a law of motion of
the boundary in the form y = gvt, where the coefficient B is to be determined. To this end,
in Eq. (37) we put y = g/t and then sum. The result is a functional equation in B:

— 2¢/A Van = f exp (B2/4a)D(p/2 V), (38)

which was considered in [8]. The desired solution, of self-similar form, is obtained from
Eq. (36) with y(t) = g/t upon taking Eqs. (33)-(35) into account:

X _ N 1 ar 7 yyent B =
T(ﬂ/aT)— Aﬂ; @t ) dt {(ﬁw e 21/:']

2(n+1) 4 _ % 2(a4-1)
VT )2tnth (1_ ) ] =
2 a"[2(n+ DIt dert [( ) BVt

]
i

. =y ﬁ2("+”(n+ It a 2 g2+ \” (x/ﬂVt Yt “ (2n —2m—2k 1+ 1) _
H;O ar[2(n 4 D! 2T daed (2m 4 1)!(2n~2m+ iy

AYE e (L) ¢ B (£

(— D) VI N _nl VEys A(iﬂ/&?: exp(ﬁ)
XE 4"g"n! ; a" (2n 4+ 1) 2 4

n=0

x[(D(—Q—%Z_—)—(D(-—Q—xvj—)]=¢0+A5Vﬁ/2exp(~§—;)®(2{c/a_t). (39)

With the aid of relations (27) and (28) we obtain yet another analytical form of the solution
of problem (29)-(32), different from Eq. (39). If in Eq. (28) (for y, = 0, &,(x) = 0) we

take into account the form of the boundary conditions in Egs. (30)-(32), we obtain a functional
equation for y(t):

P 5 exp (— apt)ch [y (1) Vp 1dr = (1/a) (1 — ¢pjad) = const.
b
The latter holds for y(t) = B/7, resulting in a relationship for B:

2 O\O zexp (— az¥)ch (B2) dz = (Ya)(1 — ¢y/ad),
b

which yields the expression (38) upon evaluating the integral. We obtain the desired solution
from Eq. (27) with the form of the boundary conditions taken into account:

i 25, ] (225 m
n=1

20 [x_exp(_(mf)?)]}- e zasm

(40)
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The coefficients a,' in Eq. (40) can be transformed with the aid of relations (33)-(35) if
we expand in a series involving sin Bz:

» 2aBA n*nla \) § (— 1yt e (a2) R
D= exp | — expf(azs)z <
T p( B o e §

Ve (o (e () )

oo

_ AR LN BTR N (D) Ny BTR Y (= I)M(anﬂnz/w)m-}:
- na { % ak (2k 4 1)! m=2k+ ml +,{2=5‘ ak (26 + 1) n; ml

L N S BRIV
=2 {"Z o +y ) L }

n fmd P (2k 4 1)] | ek o (2041 m!
A B! AN GV ]
na { o a*(2k + 1) ot k!

N Bm! )\ AR WY (— DYarmmip) 62"m!
X;a’"(i?mﬂ)!}_ nw 2 £l n; an (9m 1)

k=1

Thus, the solution of problem (29)-(32) has the form

T(x, t) = ,2221 aésinﬁf— ,
(41)
AR QDR e S Bm!
= nw Z k! Z an(2m 1)1

k=1 m=h

where B is a solution of the transcendental equation (38). The second functional form of
the solution of problem (29)-(32) is the expression (39).

We show now that these two forms are equivalent (taking note of the fact that an immedi-
ate testing of relation (41) as to the realizability of conditions (29)-(32) does not yield
the obvious result). To this end, we write Eq. (39) in the form of the trigonometric series

< naux —
T(x, t) = ¥ b, sin0—=, 0<x<pVi, 4
(x, 8) ;’:1 ing= <x<P (42)

from whence we have

BY L

ba=(2/B VD af {wﬁ 2l V‘E‘exp(%)

S

(21/)65> ] sin g{;i_dx =

= j:o (1—cos nmy + —’%E—Va?exp (%) o (235) (1—cos nm) -

e (E)g S o

Aﬁz (~l)h(an2n2/(32)h o 52mm!
nmn ,Z;__l k! mzzham(Qerl)!’

i.e., an' = bp. Thus, solution (39) can be represented in the equivalent analytical form (41)

((:orl):esponding to the approach employed, either that of Eq. (15) or that of relations (18) and
22).
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It is also of interest to write the analytical solution to the thermal problem of clas-
sical type:

AT ot = ad?T/dx>+ F (x, t), O0<x<<y(t), t=>0; (43)
T (x, 0) = Mp(x), 0<<x<<y(0) = y=>0; (44)

T, t)y=T(y(t), =0, t=>0, (45)
this time, however, in a domain with a moving boundary, where y(t) describes displacement of
the boundary. The presence of homogeneous boundary conditions does not restrict the general-
ity of the problem since, with the aid of simple substitutions, one can always transfer non-
homogeneities from boundary conditions into an initial condition and into the heat-conduction
equation [3]. In the case of a degenerate domain (y, = 0) an exact solution of the problem
(43)-(45) was given in [3]} on the basis of Eq. (15). TFor the nondegenerate case this remains
an open question; from relations (18) and (22) we have

Yo

(e, ) — ol nnVa )2 } nax noo AT
(x, ) = ——( “é [’ ( e t |sin 0. (Do(x)sm———y(t) dx'+

<

t y(m) —_
2 <. nux : Vann \?
Nl — t—1)|F d d
+y(t),r;-;smy(t)[bu exp[ (o )‘ T)J (¢, x)sin-dnde’ +
!
_ ( Vanm \?* . nay(T) B
+a feup [ = (S5 ) €] acoan 20 ac | -
y° ' (46)
1 r . x—x at_\ x4 x at ] ,
= o e —, — , d
2y(t)§ Do (Ga Fal e wa) )t

t 4(7)

1 , x—zx a(t—n7) (x+f
— AV Fw, nlo , — s ,
%0 ” v T)[ ( w0 0 ) 20

=] yogys 8 f [ 5 et—n) _, ity at—1) ]d,
20 ” ”+2y(t‘)0 700 ( D) ) e Fo ) §

if we introduce the Jacobi theta-function:

8 - 1 (x — k)2
(x, ) =142 2 exp (— k2Zn2f) cos (2knx) = Ve E exp T .

h=—oc0

The expression (46) contains the unknown thermal flow function q(t) = (3T/8x)y=y(t); using
the relation found for T(x, t), we arrive at an integral equation for q(t):

(t)—cp(t)+2—(7)§1<(t v)q(v)dr, (47)

where ¢(t) and K(t, t) are known functions (which are easily written out from Eq. (46)). The
solution of Eq. (47) can be obtained in the usual way through use of the Picard process in
the form

o

q(t)=2( 5o ) 9 0 (48)
G(t)=0(); g.(t) = jK(t, ) oy (Y dv, n>1. (49)

In an analogous manner we can consider a radial temperature field T(r, t) in the region r €
[0, R(t)], t > 0, beingalso for problems with phase transitions (Stefan type) and for classi-
cal problems (where the functions R(t) is specified). These cases remain to be treated.
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NOTATION

y(t), function describing displacement of the boundary; y(0) = y,, initial position of
the boundary; x, spatial coordinate; t, time; L, heat of transition; p, density; A, thermal
conductivity; a, thermal diffusivity.
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